The Hamilton-Jacobi analysis for gravity without dynamics is performed. We report a detailed analysis where the complete set of Hamilton-Jacobi constraints, the characteristic equations and the gauge transformations of the theory are found. We compare our results with those reported in the literature where alternative approaches are used. In addition, we complete our work by performing the canonical covariant analysis by constructing a gauge invariant symplectic structure, and we find a full consistency between the results obtained from both approaches.
there is an alternative way for studying the symmetries of gravity theories, it is based on the Dirac formulation which turns on to be the cornerstone of the modern formulation of canonical gravity, the so-called Loop Quantum Gravity [10] [11] [12] [13] [14] [15] . In general, the Dirac method [16, 17] is an alternative for studying the symmetries of singular systems; it brings us the identification of the constraints of the theory; which can be of first class (gauge generators), or second class (blocks for constructing the Dirac brackets), and then one can identify relevant information, such as the counting the physical degrees of freedom, the gauge symmetries and other symmetries. In spite of the Dirac formulation is an elegant way for studying gauge systems, the development of this framework step by step generally is a large and tedious task, hence, it is necessary to use alternative formulations that could give us a complete canonical description of the theory; in this respect, there exist also alternative methods for studying singular systems, the so-called Faddeev-Jackiw [FJ] , the canonical covariant and the Hamilton-Jacobi [HJ] formulations. The FJ framework is a symplectic approach [18] [19] [20] ; all relevant symmetries of the theory can be obtained through a symplectic tensor and the symplectic variables identified as the degrees of freedom. Furthermore, in FJ method all constraints of the theory are to be treated on the same footing, say, it is not necessary to perform the classification of the constraints in first class or second class such as in Dirac's method is done. In addition, if the symplectic tensor is obtained, then its components are identified with the FJ generalized brackets;
at the end Dirac's brackets and FJ brackets coincide. The canonical covariant method [21] , on the other hand, is based on the construction of a closed and gauge invariant geometric structure defined on the covariant phase space. From the symplectic structure, we are able to identify the symmetries of the theory such as canonical and gauge transformations. Finally, the HJ formalism is an interesting framework for studying singular systems, it was developed by Güller and based on the Carathéodory ideas [23, 24] . In general, in the HJ framework a fundamental differential is constructed, from which it is possible to identify the complete set of constraints called Hamiltonians, however, the HJ formalism has advantages in the identification of the Hamiltonians, because no analogue of the Dirac conjecture is needed. Once we have identified all the Hamiltonians, it is possible to identify the gauge transformations, the generalized HJ brackets (which will coincide with the Dirac brackets) and the characteristic equations that describe the dynamical evolution of the system. Thus, the HJ framework is complete by itself with advantages respect to other formulations [25, 26] .
In this manner, with the antecedents mentioned above, in this paper we will apply the HJ method to 3dg without dynamics. The model proposed by Hussain has been studied in [7] [8] [9] by using the Dirac and the FJ formulations. However, we are interested in to perform a detailed HJ formalism in order to report the symmetries of the theory under study from a different point of view to those reported in [9] . On the other hand, a complete HJ analysis can be an interesting element with insights to be extended to other models with a more complex structure than Chern-Simons gravity such as 3d massive gravity, or topological theories with boundaries [27] . In this respect, the HJ method could be a sophisticated alternative for studying gauge systems with general covariance.
Finally, we have added the canonical covariant analysis, in order to complete the study by using all schemes reported in the literature. In particular, we shall construct a gauge invariant symplectic structure from which we reproduce the results obtained from the HJ method.
The paper is structured as follows. In the Section II a detailed HJ analysis for 3dg without dynamics is performed. From the fundamental differential, we identify the complete set of Hamiltonians, then we report the characteristic equations and the gauge transformations. In the Section III the canonical covariant method is developed; from a closed and gauge invariant two form, we reproduce results obtained in previous sections. We finish in the Section IV with some remarks and conclusions
II. HAMILTON-JACOBI ANALYSIS
As it was commented previously, a gravity theory can be obtained from a CS theory. In fact, if we choice to work with the following generators P i and J satisfying the commutation rules,
where the internal indices i, j, k = 1, 2 are raised by the 2D metric (+, +) for Λ positive and a the internal group SO(3), and (−, +) for Λ negative and with an internal group SO(2,1); in this paper we will work with a positive cosmological constant Λ. Hence, by considering the connection
where µ, α, β = 0, 1, 2, with the traces < J, J >= 1, < P i , P j >= ΛJ ij , < J, P i >= 0, and <
this is the action reported in [7] and analyzed in [7, 9] by using the FJ and Dirac analysis. In order to extend these works, we will perform the HJ and the canonical covariant methods.
We start by performing the 2 + 1 decomposition,
where we defined ǫ 0ab ≡ ǫ ab . Furthermore, we identify the canonical momenta Π µ , P
thus, we identify the following Hamiltonians
and the following fundamental Poisson brackets are identified from the definition of the momenta
where we have defined Π ≡ ∂ 0 S, with S being the action and H 0 is the canonical Hamiltonian given by
in terms of the canonical momenta H 0 can be written as
Now with the HJ Hamiltonians we construct the following fundamental HJ differential [23] [24] [25] [26] df
where ξ µ and ζ are non-involutives. In this manner, the matrix whose entries are the Poisson brackets between the non-involutive Hamiltonians is given by
and its inverse reads
thus, the inverse of the C matrix allows us to introduce generalized brackets given by [23] [24] [25] [26] {A, B}
where H ′ a are the non-involutive Hamiltonians. In this manner, by using (11) the non-zero generalized brackets are given by
The introduction of the generalized brackets redefine the dynamics. In fact, the non-involutive constraints are removed from the fundamental differential and it can be expressed in terms of the generalized brackets and involutive Hamiltonians,
thus, the Frobenius integrability conditions for the involutive Hamiltonians [23] [24] [25] [26] , say Π 0 and P 0 i , introduce new Hamiltonians
Hence, by using (6) the new Hamiltonians can be written as
Moreover, the generalized algebra of these new Hamiltonians is given by
where we observe that C and C i are involutive Hamiltonians. Moreover, the Hamiltonian C is the equivalent one to the Gauss constraint and it generates Abelian transformations on the ω a and rotations on the e field, whereas the Hamiltonian C i is the equivalent to the vector constraint. The algebra is closed and this allows us conclude that there are not more new Hamiltonians. In this manner, we construct the following fundamental differential in terms of all involutive Hamiltonians,
here, λ and λ i are parameters related to the Hamiltonians C and C i respectively. From the fundamental differential (15) we can calculate the characteristic equations, this is, those equations governing the evolution of the dynamical variables
from these equations we observe that the fields ω 0 and e i 0 are Lagrange multipliers. On the other hand, from the characteristic equations we can identify the equations of motion of the theory given
Furthermore, we also identify important symmetries, for instance, by considering dt = 0 in the characteristic equations, we obtain δω 0 = δξ 0 ,
that correspond to the gauge transformations reported in [9] . We can observe that all results reported in [9] have been reproduced in more economical way in the HJ approach, thus, the HJ formalism is more direct than both Dirac's and FJ approaches. In this respect, the HJ method is a good alternative for studying gauge systems.
We finish this section by carrying out the counting of physical degrees of freedom. We have seen from the fundamental differential all dynamics of the system is given in terms of the dynamical variables, the involutive Hamiltonians and the remaining number of parameters associated to the Hamiltonians.
In this case, the dynamical variables can be identified from the characteristic equations and they are given by 2 ω a and 6 e 
III. THE SYMPLECTIC METHOD FOR GRAVITY WITHOUT DYNAMICS
Now, in order to complete our analysis, we will perform the canonical covariant formalism. Our starting point is again the action (3), and the variation of the action with respect the dynamical variables ω α and e 
where we can identify the equations of motion
moreover, from the total divergence present in (19) we identify the symplectic potential of the theory
No we define the cornerstone of the canonical covariant method, the covariant phase space; the covariant phase space for the theory described by (3) is the space of solutions of (20), (21), and we will call it Z [21] . Hence, on Z the fields ω a and e 
In this manner the exterior derivative of the symplectic potential gives the symplectic structure of the theory, this is
Where Σ is a Cauchy surface. We can observe in the symplectic structure the noncommutative character of the fields ω and e (see the generalized brackets (12)).
On the other hand, we will prove thatω is closed and gauge invariant; the closeness ofω is equivalent one to the Jacobi identity that Poisson brackets satisfy in the Hamiltonian scheme. On the other hand, the gauge invariance is reflection of the symmetries of the theory. Furthermore, the integral kernel of the geometric form, say J µ , is conserved. This fact is important because it guarantees that ω is independient of Σ. Hence, we observe that δ 2 e i µ = 0 and δ 2 ω α = 0, because e i µ and ω α are independent zero forms on Z and δ is nilpotent, thus
this indicates thatω is closed. Now, we can observe that under fundamental gauge transformations generating rotations given in (28) , and for some infinitesimal variation we have
thus, by using (25) we observe thatω transforms
therefore,ω is a SO(3) singlet. This fact allows us to prove that
where we have used the antisymetry of 1-forms δe i α and δω α , and the linearized equations of motion (22) . Thereforeω is independient of Σ.
On the other hand, we know that the theory is diffeomophisms covariant, in this manner, for some infinitesimal variation the gauge transformations (18) take the form
thus,ω will under go the transformation
however, L Nω =¯ N · dω + d( N ·ω), but δω = 0 (it is closed) and, the term d( N ·ω) correspond to a surface term. Thereforeω is invariant under infinitesimal diffeomorphisms.
In this manner, for reproducing the results previously stablished, we consider that upon picking Σ to be the standard initial value surface t = 0 the symplectic structure takes the standard form
where Π a ≡ ǫ ab ω b , P a i ≡ Λǫ ab e ib . In this manner, let f any 0-form defined on Z, hence the Hamiltonian vector field defined by the symplectic form (30) is given by
Moreover, the Poisson bracket between two zero-forms is defined as usual
On the other hand, the definition of the vector field (31) requires that the constraints (14) take a new fashion, this is, they must be written in terms of the canonical momenta, then smearing the constraints with test fields,
By inspection, the fundamental derivatives of the constraints (33) are given by
In this manner, by taking into account (34), we observe that the motion generated by γ[N ] and 
Where ǫ is an infinitesimal parameter. Thus, we can observe that the gauge transformations (35) are those found in previous sections.
IV. CONCLUSSIONS
In this paper, the HJ and the canonical covariant formalisms for 3dg without dynamics have been performed. Within respect the HJ method, we have identified the complete set of involutive Hamiltonians, the characteristic equations, the gauge transformations, and the counting of physical degrees of freedom was carried out. We reproduced the results obtained in [9] where different methods were used, in particular, we have showed that in the HJ approach all dynamics of the system is given in terms of the fundamental differential; in this respect the HJ method is more economic than either the Dirac or FJ methods. On the other hand, we have completed our analysis by performing the canonical covariant method; we have constructed a closed and gauge invariant symplectic structure from which we have identified the canonical structure of the theory and the gauge transformations.
In this manner, with the present work, we have at hand a complete description for studying gauge systems; we can choose the Dirac, FJ, HJ or the canonical covariant approaches, in any case we obtain generic results and it will be the base for studying gauge systems with a canonical structure
